Abstract. We show that the union of a meridian and a longitude of the symplectic 2-torus is superheavy in the sense of Entov-Polterovich. By a result of Entov-Polterovich, this implies that the product of this union and the Clifford torus of CP n with the Fubini-Study symplectic form cannot be displaced by symplectomorphisms.
diffeomorphism generated by the Hamiltonian function F t . A diffeomorphism f is called a Hamiltonian diffeomorphism if there exists a Hamiltonian function F t with compact support generating f . A Hamiltonian diffeomorphism is a symplectomorphism.
For a symplectic manifold (M, ω), we denote by Symp(M, ω), Ham(M, ω) and Ham(M, ω), the group of symplectomorphisms, the group of Hamiltonian diffeomorphisms of (M, ω) and its universal cover, respectively. Note that Ham(M, ω) is a normal subgroup of Symp(M, ω) .
Let (M, ω) be a symplectic manifold and { f t } t∈ [0, 1] and {g t } t∈ [0, 1] be the Hamiltonian paths generated by Hamiltonian functions F t and G t , respectively. Then { f t g t } t∈ [0, 1] are generated by the Hamiltonian function (F♯G)(x, t) = F(x, t) + G( f −1 t (x), t). A Hamiltonian function H is called normalized if M H t (x)ω n = 0 for any t ∈ [0, 1].
Definition 2.1. For functions F and G and a symplectic manifold (M, ω), the Poisson bracket {F, G} ∈ C ∞ (M) is defined by {F, G} = ω(sgrad G, sgrad F).
Definition 2.2 ([EP09]
). Let (M, ω) be a symplectic manifold. A subset U of M is said to be displaceable if there exists a Hamiltonian diffeomorphism f ∈ Ham(M, ω) such that f (U)∩Ū = ∅. Ohterwise U is said to be non-displaceable.
A subset U of M is said to be weakly displaceable if there exist a symplectomorphism f ∈ Symp(M, ω) such that f (U)∩Ū = ∅. Otherwise U is said to be strongly non-displaceable.
Since Ham(M, ω) ⊂ Symp(M, ω), if U is displaceable, then U is weakly displaceable. , where c 1 is the first Chern class of T M with an almost complex structure compatible with ω. The Novikov ring of the closed symplectic manifold (M, ω) is defined as follows:
Spectral invariants. For a closed connected symplectic manifold (M, ω), define
The quantum homology QH * (M, ω) is a Λ-module isomorphic to H * (M; C) ⊗ C Λ and QH * (M, ω) has a ring structure with the multiplication called the quantum product [Oh06] . Oh06] ). To describe the properties of a spectral invariant, we define the spectrum of a Hamiltonian function as follows:
) be a Hamiltonian function on a closed symplectic manifold M. The spectrum Spec(H) of H is defined as follows:
where {h t } t∈ [0, 1] is the Hamiltonian path generated by H and x ∈ M is a fixed point of h 1 whose orbit defined by γ x (t) = h t (x) (t ∈ [0, 1]) is a contractible loop and u :
We define the non-degeneracy of Hamiltonian functions as follows:
is called non-degenerate if for any x ∈ M which is a fixed point of h whose orbit γ x is a contractible loop, 1 is not an eigenvalue of the differential (h * ) x .
The followings proposition summaries the properties of spectral invariants which we need to show our result ([Oh06] , [U08] 
Definition 2.6 ([EP09]
). Let (M, ω) be a 2n-dimensional closed symplectic manifold and a be an idempotent of the quantum homology QH * (M, ω). A closed subset X of M is said to be a-heavy if
and is said to be a-superheavy if
A closed subset X of M is called heavy (respectively, superheavy) if X is a-heavy (respectively, asuperheavy) for some idempotent a of QH * (M, ω).
Example 2.7. Let (CP n , ω FS ) be the complex projective space with the Fubini-Study form. The Clifford (1) Every a-superheavy subset is a-heavy.
(2) Every a-heavy subset is non-displaceable.
Definition 2.9. Let (M, ω) be a 2n-dimensional closed symplectic manifold. Take an idempotent a of the quantum homology QH * (M, ω). An open subset U of M is said to satisfy the bounded spectrum condition (with respect to a) if there exists a constant E > 0 such that
Open subsets satisfying the bounded spectrum condition play an essential role in the present paper.
Example 2.10. A stably displaceable subset of a closed symplectic manifold satisfies the bounded spectrum condition with respect to any idempotent a ([Se] Lemma 4.1). In particular, a displaceable subset of a closed symplectic manifold satisfies the bounded spectrum condition with respect to any idempotent a ([U10] Proposition 3.1).
Main proposition
Open subsets U with volume greater than the half of that of M cannot be displaced but some of them satisfy the bounded spectrum condition for non simply connected symplectic manifold.
The main result of this paper is the following theorem. 
Here i : U→M is the inclusion map and {h t } t∈ [0, 1] 
is the Hamiltonian path generated by H. Then U satisfies the bounded spectrum condition with respect to any idempotent a of QH * (M, ω).
The proof of Proposition 3.1 is based on the idea of K. Irie in the proof of Theorem 2.4 of [Ir] .
Proof of Proposition 3.1 Fix
To use the non-degenerate spectral property, we approximate H by non-degenerate Hamiltonian functions. Take a sequence of non-degenerate Hamiltonian functions H n which converges to H in the C 2 -norm. We denote by {h n,t } t∈ [0, 1] the Hamiltonian path generated by H n and denote by γ x n the path defined by γ x n (t) = h n,t (x). For a large enough number n ∈ N and x ∈ t∈ [0, 1] • χ ′ (t) ≥ 0 for any t ∈ [0, 1 2 ], and • χ(t) = 0 for any t ∈ [0, ǫ], and χ(t) = 1 for any t ∈ [ 1 2 − ǫ,
Since χ is constant on neighborhoods of 0 and 1 2 , L u n is a smooth Hamiltonian function. We claim that Spec(L u n ) ⊂ Spec(H n ) for an large enough number n ∈ N and any u ∈ [0, 1]. We denote by {l u n,t } t∈ [0, 1] the Hamiltonian path generated by L u n . Let x ∈ M be a fixed point of l u n,1 whose orbit λ
, x is also a fixed point of h 1 and λ u,x n (t) coincides with γ x n up to parameter change. Hence γ x n is contractible. Since
the element of Spec L u n given by the fixed point of x belong to Spec(H n ). If x ∈ t∈ [0, 1] supp(F t ), since n is assumed to be large enough, there exists a path β x n in U such that β x n (0) = h n 1 (x) and β x n (1) = x and
n is contractible,β x n ♯γ x n is also homotopic to a free loop in U and this contradicts α i * ([S 1 , U] ). Hence λ
n and H n generate the same element of Ham(M, ω), the homotopy invariance implies
By the Hamiltonian shift property and
The Lipschitz property asserts that c(a, L u n ) depends continuously on u. Since Spec(H n ) is a measurezero set, the non-degenerate spectrality
Since L 1 n and F♯H n generates the same element of Ham(M, ω), by a computation as above, c (a, F♯H n 
Since Lipschitz properties implies lim n→∞ c(a, H n ) = c(a, H) and lim n→∞ c(a,H n ) = c(a,H), we have 0 ≤ c(a, F) ≤ c(a, H) + c(a,H).

the bounded spectrum condition and a a-stem
We need the argument in this section to prove the superheaviness of Theorem 1.1.
A a-stem.
Definition 4.1. An open subset U of M is said to be a-null if for
An open subset U of M is said to be strongly a-null if for F ∈ C ∞ (M) and G ∈ C ∞ (U) with {F, G} = 0,
A subset X of M is said to be (strongly) a-null if there exists a (strongly) a-null open neighborhood U of X.
a-nullity is defined by Monzner-Vichery-Zapolsky [MVZ] . If a subset X of M is strongly a-null, X is a-null.
Proposition 4.2. Let (M, ω) be a 2n-dimensional closed symplectic manifold. For an idempotent a of QH * (M, ω), if an open subset U of M satisfies the bounded spectrum condition with respect to a, then U is strongly a-null.
M. Entov and L. Polterovich defined stems to give examples of superheavy subsets. We define a-stems which generalizes a little the notion of stems and there exhibits a-superheaviness.
We generalize the argument of Entov and Polterovich as follows. The following theorem is proved in Subsection 4.3. The proof of this theorem is almost same as the proof of Theorem 1.8 of [EP09] , but we prove it for the convenience of the reader.
Theorem 4.4. For every idempotent a of QH * (M, ω), every a-stem is a a-superheavy subset.
Asymptotic spectral invariants and Proof of Proposition 4.2.
Definition 4.5. Let (M, ω) be a 2n-dimensional closed symplectic manifold. For an idempotent a of QH * (M, ω), we construct asymptotic spectral invariant µ a : Ham(M, ω) → R as follows ([EP03] , [EP06] ):
where Vol(M, ω) = M ω n is the volume of (M, ω).
For any H ∈ C ∞ (M), by the definition of ζ a and µ a ,
where h is the Hamiltonian diffeomorphism generated by H. µ a is known to be an , [FOOO] ). Entov-Polterovich [EP03] and Ostrover [Os] gave several conditions on a ∈ QH * (M, ω) under which µ a is a Calabi quasimorphism. We omit the definitions of an Entov-Polterovich pre-quasimorphism and a Calabi quasimorphism.
Definition 4.6 ([Ba]
). Let (M, ω) be a 2n-dimensional closed symplectic manifold. Given an open set U of M, we denote by Ham U (M, ω) the set of elements of Ham(M, ω) which is generated by Hamiltonian functions with support in U. By Banyaga's fragmentation lemma [Ba] , each φ ∈ G can be represented as a product of elements of the form ψθψ −1 with θ ∈ Ham U (M, ω), ψ ∈ Ham(M, ω). Denote by ||φ|| U the minimal number of factors in such a product. This is called the fragmentation norm.
Proposition 4.7 (Controlled quasi-additivity and Calabi property). Let (M, ω) be a closed symplectic manifold and a be an idempotent of QH * (M, ω). For an open subset U of M satisfying the bounded spectrum condition with respect to a, the followings hold.
(1) (Controlled quasi-additivity) There exists a constant K depending only on U such that
) (Calabi property) For a Hamiltonian diffeomorphism h generated by a Hamiltonian function H with support in U,
Lemma 4.8. For an idempotent a of QH * (M, ω), there exists a constant E > 0 such that for any f and g ∈ Ham(M, ω) with ||g|| U = 1,
Proof of Lemma 4.8
Since U satisfies the bounded spectrum condition, there is a positive real number E such that
By the triangle inequality, c(a, f g)≤c(a, f ) + c(a, g) and c(a, f )≤c(a, f g) + c(a, g −1 ) . Assumptions ||g|| U = 1 and the symplectic invariance imply that −E≤c(a, g)≤E and −E≤c(a, g −1 )≤E. Thus
Proof of Proposition 4.7 First, we prove (1). Our argument is based on the proof of Theorem 7.1 in [EP06] . Take any element f ∈ Ham(M, ω) and represent it as f = f 1 . . . f m with || f i || U = 1 for all i. We claim that
We prove the claim by induction on m.
By the symplectic invariance,
Combining this with the inequality
Dividing by k and passing to the limit as k → ∞, we obtain
Thus (1) is true for m = 1. Assume that the claim is true for || f || U = m. For f such that || f || U = m + 1, we decompose f = f m f 1 , where || f m || U = m and || f 1 || = 1. Then
and
By these inequalities,
This completes the proof of the controlled quasi-additivity (1).
Secondly, we prove (2). Set
. Since the normalization of kH t is kH t − kλ(t), the definition of spectral invariants for elements of Ham(M, ω) and the Hamiltonian shift property imply,
The bounded spectrum condition implies that there exists a constant E > 0 such that |c(a, kH)| < E for any k. Thus
Hence Proposition 4.7(2) is proved.
Lemma 4.9. Under the assumption of Proposition 4.7, for the Hamiltonian diffeomorphism f generated by a Hamiltonian function with support in U and a Hamiltonian diffeomorphism g satisfying f g
Proof Note that || f n || U ≤ 1 for all n ∈ Z ≥0 . We use the semi-homogeneity and the controlled quasiadditivity of µ a . For any n ∈ Z,
where K is the constant in the definition of Proposition 4.7 (1). Therefore
Proof of Proposition 4.2
Assume that an open subset U of M satisfies the bounded spectrum condition with respect to an idempotent a ∈ QH * (M, ω). Take Hamiltonian functions F ∈ C ∞ (M) and G ∈ C ∞ (U) such that {F, G} = 0. Since {F, G} = 0, a function F + G generates the Hamiltonian diffeomorphism f g = g f where f and g are the Hamiltonian diffeomorphisms generated by F and G, respectively.
By Lemma 4.9 and Proposition 4.7(2),
Thus Theorem 4.2 holds. 
Proof of Lemma 4.10
Fix a Hamiltonian function F ∈ C ∞ (M). For any ǫ > 0, there exists an open neighborhood U of X such that supŪ F ≤ sup X F + ǫ. Since the assumption implies thatŪ is a-superheavy, ζ a (F) ≤ supŪ F ≤ sup X F + ǫ. Since ǫ is any positive real number, ζ a (F) ≤ sup X F. Thus X is a-superheavy.
To prove Theorem 4.4, we use the following proposition. 
Since all supp(Φ * H ρ i ) is strongly a-null for i ≥ 1 and H| U = 0, Define the free loop γ : S 1 → T 2 by γ(t) = (0, t). Let α ∈ [S 1 , T 2 ] be the homotopy class of free loops represented by γ. Then α, U and H satisfy the assumptions of Proposition 3.1, hence U satisfies the bounded spectrum condition with respect to any idempotent a ∈ QH * (T 2 , ω T 2 ) and is strongly a-null by Theorem 4.2. Thus M ∪ L is a a-stem, hence it is a-superheavy.
Though the above example cannot be displaced by homeomorphisms, it gives rise to a nontrivial non-displaceable example by using the following theorem.
Theorem 5.1 ([EP09] Theorem 1.7). Let (M 1 , ω 1 ) and (M 2 , ω 2 ) be closed symplectic manifolds. Take non-zero idempotents a 1 , a 2 of QH * (M 1 ), QH * (M 1 ), respectively. Assume that for i = 1, 2, X i be a a i -heavy (respectively, a i -superheavy) subset. Then the product X 1 ×X 2 is a 1 ⊗a 2 -heavy (respectively, a 1 ⊗a 2 -superheavy) subset of (M 1 ×M 2 , ω 1 ⊕ ω 2 ) with respect to the idempotent of QH * (M 1 ×M 2 ).
Proof of Corollary 1.2 By Example 2.7, Theorem 1.1 and Theorem 5.1, C×(M ∪ L) is [CP n × T 2 ]-superheavy subset of (CP n × T 2 , ω FS ⊕ ω T 2 ). Thus Theorem 2.8 implies that there exists no symplecto-
